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Abstract 

We investigate gravitational perturbations in a compact six-dimensional self-tuning 
brane model. We specifically look for analytic solutions to the perturbed Einstein 
equations that correspond in four-dimensions to massless or approximately massless 
scalars coupled to matter on the brane. The presence of such modes with gravi- 
tational couplings would be phenomenologically unacceptable. The most general 
solution for all such modes is obtained, but it is found that they are all eliminated 
by the boundary conditions. Our main result is that to linear order in perturbation 
theory this model does not contain any light scalars. We speculate that this model 
does not self-tune. 



1 Introduction 



There has been much speculation on the possibility that the Standard Model fields are 
confined on a four-dimensional brane in a higher-dimensional universe [1]. The usual 
cosmological constant problem is reformulated in these theories, since in general the 
cosmological constant in the four dimensional effective theory receives contributions from 
both bulk physics and from brane physics. The cosmological problem in these models is 
balancing the bulk terms against the vacuum energy on the brane to produce the very 
small value seen in nature. 

A general class of five- dimensional models [2] were introduced to partially resolve 
this problem. Instead of canceling bulk terms against brane terms, these models have 
the interesting feature that flat space solutions always exist for arbitrary values of the 
tension on the brane. This is a big improvement, since for these class of models there is 
a hope that the cosmological constant problem could be immune to phase transitions on 
the brane, although this has not been demonstrated. 

It has been recognized that six-dimensional brane world models might be more 
promising for the cosmological constant problem, due to the co-dimension-two nature of 
the geometry [3-5] . As might be expected by locality, a three brane with arbitrary tension 
in six-dimensional flat space does not cause the space to inflate, but just introduces a 
conical singularity. But as such a model does not lead to four-dimensional Einstein 
gravity, one must compactify the transverse space. 

An interesting co-dimension-two spherical compactification was originally considered 
by Sundrum [4], and modified by Carroll and Guica [6] and also by Navarro [7]. In their 
model a fine-tuning of bulk parameters is required to obtain a small four dimensional 
cosmological constant. What is intriguing though, is that this fine tuning is independent 
of the tension on the brane. With non-vanishing brane tension the bulk geometry is still 
locally a sphere, but globally it has a conical deficit angle. Pictorially, a "banana peel" 
has been removed. 

A generic difficulty with the five-dimensional models was that self-tuning required 
a curvature singularity in the bulk [8]. Resolving the singularity by introducing another 
brane in the bulk reintroduces a fine-tuning of the brane tensions [9]. Naively the six- 
dimensional model may be an improvement on the five- dimensional self-tuning models, 
since here the curvature singularities are conical and perhaps less severe. Still, this may 
be too much. [10] finds that in geometries with conical singularities it is inconsistent to 
add anything other than tension to the brane. Since we would like to also have stars 
and dogs on the brane, this is clearly problematic. It is unclear though whether this is 
an artifact of treating the brane as infinitely thin 1 , and it would be interesting to see 

1 Finite thickness co-dimension-2 models have been discussed in [11]. 
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whether higher dimension operators on the brane could overcome this obstacle 2 . 

In this note we will not dispel this concern. Rather, we address an independent issue, 
which is whether this six- dimensional model leads to a scalar-tensor theory of gravity at 
low energies. Given the presupposition of a self-tuning mechanism, one might expect 
such a mode is necessary, for example, to self-tune a change in the brane tension that is 
much smaller than the compactification scale. 

As is well known, gravitational couplings of a scalar admixture to gravity are strongly 
constrained by measurements [12] of the Nordtvedt effect [13]. Other phenomenological 
constraints could be obtained from cosmology, for here parameters in the four-dimensional 
effective theory depend on the brane tension, which probably had a cosmological history 
[14]. 

Our main result is that while we do find massless scalars allowed by the bulk equa- 
tions of motion, these are all eliminated by the boundary conditions. Our analysis can 
also be extended to exclude light scalars whose mass vanishes in the limit that the tension 
goes to zero. To linear order in perturbation theory then, this model does not have any 
phenomenological difficulties of this sort. Our results support the conclusions of [15], but 
we improve on their work since here we are able to obtain all of our results analytically, 
without having to resort to a numerical analysis. 

If this model does have a self-tuning mechanism, then the absence of any massless 
scalars does raise a puzzle though, for there is no light scalar to adjust a change in 
the brane tension. If this model does in fact have a self-tuning mechanism, then our 
results surprisingly suggest that by default, it is the collective motion of many massive 
Kaluza-Klein states that is responsible for canceling a change in the tension. 

But there is another reason to doubt whether there model has a self-tuning mecha- 
nism. For here the deficit angle is an integration parameter that may be chosen to satisfy 
the boundary conditions after assuming a four- dimensional flat space ansatz. However, 
one might be worried that this feature may not be sufficient in order realize the self- 
tuning. We elaborate on this in Section 4. 

The content of this paper is as follows. In section 2, we briefly review the key 
features of the model. In section 3.1, we determine Einstein's equations to linear order 
and discuss the appropriate gauge fixing. Here there is a subtlety due to a brane bending 
mode, and we discuss how we gauge fix this mode. Then we present our solutions for the 
most general massless scalar modes that could couple to matter on the brane. In section 
3.2 we discuss the boundary conditions. After imposing these conditions, none of our 
zero modes survive. Section 4 reconsiders the self-tuning feature of this model. Section 
5 contains some concluding remarks. 

2 [10] did find that adding the Gauss-Bonnet operator in the bulk could lead to Einstein gravity with 
arbitrary sources. 
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A few notes on notation are in order. We will use Gab to denote the full 6D metric, 
Greek indices for the non-compact four dimensions, and Roman letters for components 
of tensors in the internal directions. 



2 The Unperturbed Model 

The authors of [6] and [7] consider a six dimensional model with two dimensions compact. 
The bulk geometry has the topology of a sphere with metric 

ds 2 = r 2 g ij dx i dx j = r 2 [d6 2 + (3 2 sin 2 6da 2 } (1) 

and a has period 2-7T. 

The field content in the bulk is six -dimensional gravity together with a U(l) gauge 
field. The field strength for the gauge field is non-vanishing on the sphere, 



Fij = VGW €ij B , (2) 
with te<f> = 1- The corresponding flux 



$ = J d 2 xVG&e tj F lj (3) 

is conserved. 

There is also a bulk cosmological constant A. Obtaining a static solution requires 

A = B 2 /2 (4) 

which is the usual cosmological constant problem. The radius of the sphere is 

r = (kBY 1 (5) 

where n 2 is the six-dimensional Newton's constant. What is intriguing about this model 
is that if we add a brane at the north and south poles (9 = 9 l ), each with tension / 4 , 
corresponding to a stress tensor 

= -9^^=^,8(0 -P), (6) 

a new static solution is obtained without any additional fine tuning. The new geometry 
is still locally a sphere, but now there is a deficit angle 

7 = (7) 
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corresponding to a local change in curvature at the locations of the branes, 

7 ^ 5(6 - 6 l ) 



In terms of the parameters above, 

P = 1 - f ■ (9) 

It is transparent that the geometry is locally still a sphere, since we may rescale a so 
that 

ds 1 = r 2 {d9 2 + sin 2 9d0 2 } (10) 

but now < <p < 27T/3. This coordinate system is a physically convenient choice for the 
linear perturbation analysis, since all the effect of the tension and deficit angle is put into 
the boundary. 

With a non- vanishing tension the area of the sphere is smaller due to the deficit 
angle. As a result, the magnetic flux depends on the tension. If a quantization condition 
is imposed on the flux, then the self tuning feature of this model would no longer work, 
for then the cancellation of bulk parameters needed to obtain a static solution would 
depend on the tension [16]. 

To avoid this conclusion we will assume that there is no quantization condition. 
This requires us to assume that there are no electric sources for the bulk U(l) gauge field 
3 . Since the Standard Model fields are not charged under this gauge group, this is not 
necessarily a phenomenological problem. 



3 Linear Analysis 



3.1 Gauge Fixing and Perturbed Equations 

A general perturbation of the background metric (jl())l is given by 

ds 2 = (rjnv + h^ v )dx^dx p + 2h fl8 dx tl d8 + 2h^ 4> dx^d(j) 

+ (1 + h e0 )d6 2 + 2h 8(t ,d6d(J) + sin 2 6(1 + h u )d<\> 2 . (11) 

Here we work in units with r = 1. For non-zero tension there are curvature singularities 
at 9 = and 7r. Then < < 2tt(3. When the tension vanishes, there are coordinate 
singularities at these points. 

3 This assumption does not affect the stability analysis. 
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A convenient gauge choice would be Gaussian Normal-like gauge conditions in the 
bulk. These are 

V = hoe = Vh^ = , (12) 

providing six conditions. 

There is an important subtlety in choosing this gauge though, which we now discuss. 
In the end we will choose a gauge that is very similar to this one. 

To set hgg w = one chooses a gauge parameter 

eo(x,9) = -±^de'hf d d (x,9') . (13) 

The problem with this gauge transformation is with the location of the boundaries. In 
the gauge with h ee = 0, the brane at the north pole is located at 9 — 0, but the brane at 
the south pole is now located at 9 = n + eg(x, ir), or 

6 = n - F(x)n/2 (14) 

in general (F is defined by these two equations). Imposing boundary conditions at the 
location of the south pole brane is technically too subtle in this gauge. 

Since F represents a perturbation that cannot be gauged away, it is more convenient 
to put it in the metric rather than the location of the boundary. This is done by choosing 
a slightly different gauge parameter, 

e e (x, 9) = -\ I d9'h° l d d (x, 9') + 9F{x)/2 . (15) 
2 Jo 

which keeps the branes located at and ir. The price we pay is that we cannot completely 
gauge h$e away, for in this gauge h^f" = F(x). 

We use the U(l) gauge invariance to set 

,9% = . (16) 

This together with 

V = dtl Kt = ( 17 ) 

and 

hee(9,x) = F(x) (18) 

represent our gauge conditions. 

We search for massless scalar perturbations only, since only these lead to possibly 
dangerous long distance deviations from Einstein gravity. 
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In addition, we focus on scalar perturbations that are independent of the angular 
coordinate <fi. The reason is that only ^-independent scalar perturbations couple to 
matter on the brane, either through kinetic mixing with the graviton or because of a 
non-vanishing wavefunction at the brane locations. Perturbations with non-trivial (f) 
dependence only "see" the brane tension through a change in their periodicity, and will 
will therefore still vanish at the location of the branes. 



All this gauge fixing leaves seven scalar perturbations, 
ds 2 = (n^ + d^d v \ + ^97^/1(4) J dx^dx" 



+ (1 + F)d6 2 + 2h e4> d6d<p + sin 2 0(1 + ~h H )d$ (19) 
and A = agdd + a^dcj) with field strengths /ab = Qa^b — Qb^a- 
Next Einstein's equations 

E AB = k 2 T ab (20) 

in units with tq = 1 are obtained. Focusing on 0-independent perturbations, the lin- 
earized Einstein equations in the bulk and in the gauges f)16H18j) are given by 



(jiu) : = ( D + d 9 + cot dd e) (V ~ vV)) ~ ]^l^d p d a h p(7 
1 , - „ r s 1 



+-rir,{Uh H + DF + F- h H ) + - (d^dphP + {y <-> fj,)) 

+ (pehct><j> + 2 cot Odeh^j (21) 

1 1-1 k 2 B 

--dpdvhu) - -dpdjiw - -dpdvF + ^-—doa^ 
z z z sm y 



(0/,): 
(#): 



(00 - 








(00) : 



(00): 








— dgh^ — df)h„ 



2k 2 B 



a<t> ' 
sin0- 



(22) 



^v + ^(cot0(F- 

-(□ + <9 e 2 -cot0c> e ) ^ 

+^ (dohgj, + cot 0/100 + 2k 2 £? sin 6ag) — 2k 2 B sin 09^0^ (23) 
□/i (4 ) - V + + cot W(4) +F + h H 



sin0 

5g/i( 4 ) - cot 6d e h w + DF - Dh 4 
—Oho<b ■ 



(24) 

(25) 
(26) 
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The linearized U(l) gauge equations in these gauges are 




sin 6? 



B 




(27) 



(0): = D (4) a 



(28) 




sin 9 (dgh, 



.00 — dgh(4)) 



(29) 



with V • a = dga 9 + cot 9ag in the Lorentz gauge and acting on independent perturba- 
tions, and □ = d^d^. For massive states, (J27)l together with the gauge choices (fTHj) and 
(|I7jl imply V • a = 0. These equations in the bulk must be supplemented with boundary 
conditions imposed at the locations of the conical singularities. Boundary conditions are 
discussed in the next section. 

We emphasize that the equations obtained above are valid for arbitrary brane ten- 
sion. Due to the choice of parameterization of the background given by (jlOj). the effect of 
the brane tension appears only in the boundary conditions, and for solutions with non- 
trivial dependence (which we are not looking at here), in 2n(3 periodicity conditions. 

As may be anticipated by considering the four- dimensional effective potential [4,17], 
the radion in this model is massive. It is given by the mode 



with all other fields vanishing. It has a mass m 2 = 1/r 2 . This result agrees with previous 
computations [15]. 

In the remainder of this note we focus on massless modes only. 

For the zero modes there is in addition the usual residual gauge invariances Q where 
□O = 0. Here we have a residual U(l) gauge invariance A, and residual diffeomorphism 
invariances and e M only, since eg is fixed by our gauge choice. We use A and to 
set the zero modes of of a M and to be purely transverse, and e M to set the vector 
components of the four- dimensional zero mode graviton to zero. 

In total there are naively 10 equations for 7 variables. But fortunately not all of 
these equations are independent. Equation ()29|) and the trace of are derivable from 
other equations. Equations (f2*U|) and (|2*Hj) are trivial acting on the zero modes we are 
focusing on. This leaves six non-trivial equations for seven scalar perturbations (but 
recall that F is pure gauge in the bulk). 

Inspecting the equations further, a e and decouple from the other perturbations. 
Their wavefunctions are fixed by (|23|) and (J27j) to be 



fe (4) 

4 



F(x) 



(30) 



c (a:) 



/i00 = 2k 2 Bcq{x) cot 9 . 



(31) 



a e = 



sin 9 
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Next we proceed to solving the other equations. Equation (J25J) can be solved imme- 
diately to give 

h(4) = Ci(x) — c 2 (x) cos 9 . (32) 
Next use (|24j) to solve for and substitute this into (J22j) to obtain 

d 2 a ( h Coix) / o F(x) „ , , 

This will have two homogeneous solutions and one homogeneous solution. Since the 
sources are independent, we may think of this as four solutions in total. Finally, 
with /i^ determines A in terms of the previous solutions. 

The most general solutions to these equations are given by 

5 

= cs(x) + -c 2 (x) cos# + 2k 2 Bc a {x) cot 9 + 9 cot 9F(x) 
Cs(x) cosfl + - 11 cos 2 9) + c 4 (x) sin# 



9 2k 2 B 24k 2 B 

F ( X )n ■ n 

H \-^9 sin 9 

2k 2 B 

h ee = F{x) (34) 

together with 



To summarize, for an arbitrary tension we have found the the most general 0— independent 
massless scalar perturbation solution to the U(l) and Einstein field equations. Imposing 
boundary conditions on these solutions is discussed in the next section. 



3.2 Boundary Conditions 

For non-zero tension the locations of the branes are special points on the sphere with 
curvature singularities. To obtain the boundary conditions for the perturbations at these 
points we need to inspect the field equations and match the singularities. 

It is useful to rewrite the internal metric, including perturbations, as 



ds int = r 2 (l + h 6 



d9 2 + (3 2 sin 2 9(1 + h H - h ee )da 2 , (35) 



where in a change of notation, r = (kB)^ 1 denotes the unperturbed radius. To linear 
order in the perturbations this is equivalent to our previous parameterization. Here we 
are also only focusing on hgo and h^, since hg^ decouples and does not couple to brane 
matter. For long- wavelength perturbations this describes a new background with effective 
radius 

r 2 = r 2 (l + M (36) 
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and effective deficit angle 



/5 2 = f3\l + h u -hee) . (37) 

To obtain first order terms in the equations of motion with explicit delta-function 
singularities, which correspond to perturbations without derivatives, we may use (JSJ), 
using (0) and substituting for the effective radius (jHSj) and effective deficit angle (J37J). 

This implies that to linear order there are no singular contributions to the 
Einstein equations. There is however, a singular contribution to the (/i, v) equation, 
given by 

^nu I sing. ~ / 9nv P ~ 



sin 9 



k 2 T I ■ 



= "«/ 22^^^5(6-9)=^ f E^^— nT (38) 

Before concluding that these singularities must match, we must check that perturbations 
involving derivatives cannot contribute additional singularities. To see that they cannot, 
use the (fi9) equation to solve for and substitute it into the (/i = v) equation. 
One finds all the terms cancel identically, except for the singularities appearing in (|38|). 
Inspecting (J3EJ), we see that to satisfy the equations of motion requires 

[/3-l]| = -^/ 4 (39) 

or 

[/^-M=o (40) 

at the location of either brane. This is just the statement that without a change in the 
tension, a perturbation in the metric cannot change the deficit angle. 

To obtain other boundary conditions we must inspect the other field equations. 

The (99—(j)(p) metric equation does not contain any curvature singularities. Requiring 
that the solution is finite gives the boundary condition 

9^(4)1 = 0. (41) 

Finally, to obtain the boundary condition for ag, consider spreading the brane out 
into a ring located at 9 ~ e. Later we will send e — > 0. Inside the ring we have no deficit 
angle, so all fields are regular at the pole, and therefore ag — > 0. The ring does not 
affect the a„ gauge equation of motion, so V • a = is the a# equation both inside and 
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outside the ring. The only solution inside the ring, consistent with this equation and the 
boundary condition at the pole, is ae = 0. By continuity at the location of the ring, the 
boundary condition outside the ring is then 

0,1=0. (42) 

Equations (}4T)j) . (j41j) and (}4*2*|) are our boundary conditions when the tension is non- 
vanishing. 

For vanishing tension, there are stronger constraints than these from requiring that 
the north and south poles not be special points. This means that our solutions in polar 
coordinates should have sensible (C) values when expressed in a Cartesian basis local to 
the poles. This implies that near a pole, 

hrf, ~ f^> ~ - h ee ~ 9 2 (43) 

Inspecting the four solutions above, we first note that the normal mode cq(x) and 
c±(x) are too singular to satisfy the boundary conditions. However the linear combination 

5 

c 3 (x) = --c 2 (x) (44) 
o 

and the normal mode F(x) both independently satisfy the boundary conditions at 9 = 0. 
Thus there are two independent solutions that satisfy the boundary conditions at 9 = 0. 

But neither solution satisfies the boundary conditions at 9 = n. As 9 — > tt, a general 
combination of these two solutions behaves as 

~ 5 7T 

h H - h ee -> --Oi{x) - F(x) —F(x) . (45) 

3 sm9 

The boundary condition implies that the left side should vanish at the boundary, so both 
C2 = F=0. Thus there are no solutions that satisfy the boundary conditions at both 
9 = and 9 = tt. 

This conclusion is true for arbitrary tension. It is straightforward to repeat the 
analysis for vanishing tension. The only difference is that the boundary conditions are 
stronger, because of the constraint of regularity. No zero modes therefore exist in this 
limit either. Thus any light mode with mass that vanishes as the tension is sent to zero 
is also excluded by our analysis. 



4 Fine-tuning or Self-tuning? 

We return to an issue briefly issue raised in the introduction. One might think that 
the relation (J7J) between the deficit angle and the brane tension does not represent a 
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fine-tuning, since the deficit angle is an integration parameter, not a parameter of the 
Lagrangian. But a simple four- dimensional counter-example illustrates that the issue is 
not as straightforward [18]. 

Consider a four dimensional theory with a bare cosmological constant Ao and a 
four-form field strength with value 

F[ivpo ^p,vpa ( / lfi) 

which satisfies the field equations of motion and where c is an integration parameter [19]. 
The source for gravity in this theory is 

A = A + c 2 . (47) 

The integration parameter may be chosen to be c 2 = — Ao, giving a flat space solution. 
But obviously this is not the only solution, as there is a family of de-Sitter and Anti-de- 
Sitter solutions. 

In analogy with this four-form example, does setting the deficit angle - an integration 
parameter - of the six-dimensional model to be equal to the tension involve a fine-tuning? 
For recall that it has not been demonstrated that the deficit angle is forced by the 
equations of motion to be equal to the tension-that only followed from the equations of 
motion after assuming a flat-space ansatz. For maximally symmetric space-times, [15] 
has found that once the bulk cosmological constant is finetuned against the magnetic 
flux, then de-Sitter or Anti-de Sitter solutions along the brane directions are forbidden, 
and the deficit angle is equal to the tension. 

But that still does not completely address the issue. In other words, it isn't clear that 
a change in the tension is canceled by a change in the deficit angle. If other cosmological 
solutions exist, for the same tension but other values of the deficit angle, then (J7J) is a 
fine-tuning, and this model would then be less appealing. 

What might these solutions look like? 4 A dynamical change in the tension could 
lead to a solution that is not maximally symmetric, but instead interpolates between an 
inflating or generally time-dependent solution near the brane, to a static geometry far 
from the brane. Far from the brane, the deficit angle would be (approximately) equal to 
its unperturbed value. 



5 Conclusions 

We have performed a linear perturbation analysis of the model presented in [6] and [7] 
to search for phenomenologically dangerous massless or approximately massless scalars. 
After imposing the boundary conditions, we have found that there are no such modes. 

4 The authors thank Maxim Perelstein for discussions on this point. 
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If this model does have a self-tuning mechanism, then our results do raise a puzzle. 
Namely, below the compactification scale the only light modes are the four dimensional 
graviton, the Standard Model fields, a gravi-vector boson from the residual isometry of 
the bulk, and a U(l) gauge boson. The latter two do not couple to the tension on the 
brane and so we can forget about them. The puzzle is that one might have expected 
that the self-tuning of a small enough change in the brane tension could be understood 
in the four dimensional effective theory-but this does not seem likely, since our results 
show that this model lacks any additional light degree of freedom. 

If this is the case here, then in order for this model to be compatible with the observed 
size or bound on the cosmological constant, we would need 1/r ~ 10~ 3 eV [5]. There 
is an additional puzzle here, if the model does self-tune: from the higher dimensional 
perspective, it appears that it is the full quantum mechanical tension on the brane that 
is canceled, not just the high energy contribution. If this were true, then there would 
not be a constraint on the size of the internal space arising from vacuum fluctuations of 
brane localised matter. 

Our results suggest that if there is self-tuning, then it must be due to modes no lighter 
than the compactification scale. A consistent story would then be that the massive states 
only partially cancel a dynamical change in the tension, down to an amount set by the 
compactification scale. 

Finally, demonstrating that these models do or do not self-tune might be difficult: 
one would need to find or demonstrate the absence of non-maximally symmetric solutions 
with an approximately static deficit angle and geometry far from the brane, but with a 
cosmological geometry near the brane. That is, to follow the cosmological evolution of 
this system through a phase transition. 
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